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@ Problem Overview



Uses of multiplying polynomials

m Error-correcting codes
m Large-integer multiplication
m Generating functions

m Convolution in signal processing
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Multiplying Polynomials

Example

A(x) =3x* +2x +5
B(x) = 5x* + x +2
A(x)B(x) = 15x* + 13x® 4 33x* + 9x + 10



Multiplying polynomials
Input:  Two n — 1 degree polynomials:
a,,_lx”_l + a,,_zx”_z + .-+ a1x+ ao
bp1x" 1+ by_ox"2 4+ -+ 4+ bix + by
Output:
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Input:  Two n — 1 degree polynomials:
ap_1X" 4 a3, ox" 2+ aix + ag

bp1x" 1+ by_ox"2 4+ -+ 4+ bix + by
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where:
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Con—3 = ap—1bp_2 + ap_sbp_1



Multiplying polynomials

Input:  Two n — 1 degree polynomials:
ap_1X" 4 a3, ox" 2+ aix + ag

bp1x" 1+ by_ox"2 4+ -+ 4+ bix + by
Qutput: The product polynomial:

Con-2X*" 2+ Cp3x*" 3+ -+ ax + g
where:

Con—2 = ap—1bn_1
Con—3 = apn—1bp—2 + an—2bn_1

Cy = arbg + a1b1 + apb



Multiplying polynomials

Input:  Two n — 1 degree polynomials:
ap_1X" 4 a3, ox" 2+ aix + ag

bp1x" 1+ by_ox"2 4+ -+ 4+ bix + by

Qutput: The product polynomial:
Con—2X*"% 4 Cp3X*" 3+ 4 ax + G
where:
Con—2 = apn—1by—1
Con—3 = ap—1bp_2 + ap_sbp_1

Cy = arbg + a1b1 + apb
Cl = a1b0 “F a0b1



Multiplying polynomials

Input:  Two n — 1 degree polynomials:
ap_1X" 4 a3, ox" 2+ aix + ag
bp1x" 1+ by_ox"2 4+ -+ 4+ bix + by

Qutput: The product polynomial:
Con—2X*"% 4 Cp3X*" 3+ 4 ax + G
where:

Con—2 = ap—1bn_1
Con—3 = apn—1bp—2 + an—2bn_1

Cy = arbg + a1b1 + apb
Cl = a1b0 “F a0b1

co = aobo
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Multiplying Polynomials
Example

Input: n=3,A=(3,2,5),B=(5,1,2)

A(x) = 3x* +2x +5
B(x) = 5x* + x +2
A(x)B(x) = 15x* 4 13x> + 33x* + 9x + 10



Multiplying Polynomials
Example

Input: n=3,A=(3,2,5),B=(5,1,2)

A(x) = 3x* +2x +5
B(x) = 5x* + x +2
A(x)B(x) = 15x* 4 13x> + 33x* + 9x + 10

Output: C = (15,13,33,9, 10)
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@ Naive Algorithm
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MultPoly(A, B, n)

product < Array[2n — 1]
for / from 0 to 2n— 2:
product[i] < 0
for / from 0 to n—1:
for j from 0 to n—1:
product|i + j] < product[i + j] + A[i] x B[J]
return product



MultPoly(A, B, n)

product < Array[2n — 1]
for / from 0 to 2n— 2:
product[i] < 0
for / from 0 to n—1:
for j from 0 to n—1:
product|i + j] < product[i + j] + A[i] x B[J]
return product

Runtime: O(n?)
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© Naive Divide and Conquer Algorithm



Multiplying Polynomials

where
n__ n__
Dl(X) = a,_1Xx2 1y ap_o2X?2 B an
n
Do(x) = agflxi_l + a372x2_2 + ... + a
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Multiplying Polynomials

m Let A(x) = Dy(x)x2 + Do( ) where
1+ an_ 2x2 S an
by ag72x2 24+ . +a

m Let B(x) = El( )x2 + EO( ) where
. 2x2 4 .+ by
Eo(x) = bg x2 g by _ X124+ bo

m AB = (Dix2 + Do)(E1x2 + Ep)

(D1E)x" + (D1 Eo + DoEy)x? + DoEy
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m Let A(x) = Dy(x)x2 + Do( ) where
1+an 2x2 2+ . +ay
by ag72x2 24+ . +a
m Let B(x) = El( )x2 + EO( ) where
71 -+ bn 2X2 —2 + ...+ b”
Eo(x) = bg x2 g by _ X124+ bo
m AB = (Dix2 + Do)(E1x2 + Ep)
— (D1E))x" + (D1 Ey 4+ DoEy)x? + DyEy
m Calculate D1Eq, D1 Ey, DyEq, and DyEq
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1+an 2x2 2+ . +ay
by ag72x2 24+ . +a
m Let B(x) = El( )x2 + EO( ) where
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Multiplying Polynomials

m Let A(x) = Dy(x)x2 + Do( ) where
1+an 2x2 2+ . +ay
by ag72x2 24+ . +a
m Let B(x) = El( )x2 + EO( ) where
71 -+ bn 2X2 —2 + ...+ b”
Eo(x) = bg x2 g by _ X124+ bo
m AB = (Dix2 + Do)(E1x2 + Ep)
— (D1E))x" + (D1 Ey 4+ DoEy)x? + DyEy
m Calculate D1Eq, D1 Ey, DyEq, and DyEq

Recurrence: T(n) = 4T(5) + kn.
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Polynomial Mult: Divide & Conquer
A(x) = 4x® +3x% +2x + 1
B(x)=x>+2x*+3x + 4

Di(x) =4x+3 Do(x) =2x +1

Ei(x) =x+2 Eo(x) =3x+ 4

DiEy = 4x® + 11x + 6 D, Ey = 12x% + 25x + 12
DoEy = 2x% + 5x + 2 DoEy = 6x° + 11x + 4
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Polynomial Mult: Divide & Conquer
A(x) = 4x® +3x% +2x + 1
B(x)=x>+2x*+3x + 4

Di(x) =4x+3 Do(x) =2x +1

Ei(x) =x+2 Eo(x) =3x+ 4

DiEy = 4x® + 11x + 6 D, Ey = 12x% + 25x + 12
DoE; = 2x% + 5x + 2 DoEy = 6x° + 11x + 4

AB = (4x* + 11x + 6)x* +
(12x2 + 25x + 12 + 2x* + 5x + 2)x* +
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Polynomial Mult: Divide & Conquer
A(x) = 4x> +3x* +2x + 1
B(x)=x>+2x*+3x + 4

Di(x) =4x+3 Do(x) =2x +1

Ei(x) =x+2 Eo(x) =3x+ 4

DiEy = 4x® + 11x + 6 D, Ey = 12x% + 25x + 12
DoE; = 2x% + 5x + 2 DoEy = 6x° + 11x + 4

AB = (4x* + 11x + 6)x* +
(12x2 + 25x + 12 + 2x* + 5x + 2)x* +
6x% 4+ 11x + 4
=4x°% 4+ 11x° 4+ 20x* +30x3 + 20x* + 11x + 4
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Function Mult2(A, B, n, a;, by)

R = array[0..2n — 1]
if n=1:

R[0] = Ala/] x B[b)] ; return R
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Function Mult2(A, B, n, a;, by)

R = array[0..2n — 1]
if n=1:

R[0] = Ala/] x B[b)] ; return R
R[0..n—2] = Mult2(A, B, 3, a, b))
Rln..2n—2] = Mult2(A,B,3,a+ 3, b+
2)

DoEr = Mult2(A, B, 3, a;, b+ 5)
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Function Mult2(A, B, n, a;, by)

R = array[0..2n — 1]
if n=1:

R[0] = Ala/] x B[b)] ; return R
R[0..n—2] = Mult2(A, B, 3, a, b))
Rln..2n—2] = Mult2(A,B,3,a+ 3, b+
2)

DoEr = Mult2(A, B, 3, a;, b+ 5)
DiEy = Muth(A, B, g, a + g, b/)
R[§n+§—2] += D1EQO + DyEq

return R
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